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Abstract

I develop a matching model with heterogeneous workers, firms, and worker-firm
matches, and apply it to longitudinal linked data on employers and employees. Workers
vary in their marginal product when employed and their value of leisure when unem-
ployed. Firms vary in their marginal product and cost of maintaining a vacancy. The
marginal product of a worker-firm match also depends on a match-specific interaction
between worker and firm that I call match quality. Agents have complete information
about worker and firm heterogeneity, and symmetric but incomplete information about
match quality. They learn its value slowly by observing production outcomes. There
are two key results. First, under a Nash bargain, the equilibrium wage is linear in a
person-specific component, a firm-specific component, and the posterior mean of beliefs
about match quality. Second, in each period the separation decision depends only on
the posterior mean of beliefs and person and firm characteristics. These results have
several implications for an empirical model of earnings with person and firm effects.
The first implies that residuals within a worker-firm match are a martingale; the second
implies the distribution of earnings is truncated.

I test predictions from the matching model using data from the Longitudinal
Employer-Household Dynamics (LEHD) Program at the US Census Bureau. I present
both fixed and mixed model specifications of the equilibrium wage function, taking
account of structural aspects implied by the learning process. In the most general
specification, earnings residuals have a completely unstructured covariance within a
worker-firm match. I estimate and test a variety of more parsimonious error structures,
including the martingale structure implied by the learning process. I find considerable
support for the matching model in these data.



1 Introduction

Economists have long recognized that observationally indistinguishable workers employed in
seemingly identical firms earn different wages and have vastly different employment histories.
At best, observable worker and firm characteristics explain about 30 percent of wage varia-
tion. Numerous authors have addressed this issue, from a wide variety of perspectives. One
branch of early empirical work focused on the role of unobserved heterogeneity on the part
of workers as a determinant of employment outcomes. Another considered the importance of
unobserved heterogeneity on the part of firms. Recent advances in the creation and analysis
of longitudinal linked data on employers and employees have brought together these diverse
literatures, and spawned a new one that examines the relative importance of unobserved
worker and firm heterogeneity as determinants of employment outcomes, e.g., Abowd et al.
(1999), and Abowd et al. (2002). This work has shown that most of the wage dispersion not
explained by observable worker and firm characteristics can be attributed to unmeasured
characteristics of workers and firms. Does this reflect productivity differences, rent-sharing,
or something else?

The purpose of this paper is twofold. The first is to provide a theoretical context in
which to conceptualize the source of worker and firm differences, and their role in determining
employment outcomes. To this end, I present a matching model with heterogeneous workers,
heterogeneous firms, and heterogeneous worker-firm interactions. Workers and firms are
imperfectly informed about the location of worker, firm, and match types. This precludes
the optimal assignment of workers to firms. I endogenize employment mobility via a learning
process. Workers and firms learn about the quality of a match by observing production
outcomes. I show that the Nash-bargained equilibrium wage is linear in a person-specific
component, a firm-specific component, and the posterior mean of beliefs about match quality.
Furthermore, the separation decision depends only on the posterior mean of beliefs about
match quality and worker and firm characteristics.

The second goal of this paper is to extend the empirical literature on heterogeneity
and labor markets. I apply the matching model to longitudinal linked data on employers
and employees. I present both fixed and mixed model specifications of the equilibrium wage
function predicted by the matching model, taking account of structural aspects implied by the
learning process. Specifically, the learning process implies that the distribution of observed
earnings is truncated, and that earnings residuals are a martingale. The latter implies a
specific non-zero covariance for earnings residuals within a worker-firm match. In the most
general empirical specification, I allow wage residuals to have a completely unstructured
covariance within-match. I estimate and test a variety of more parsimonious error structures,
including the martingale hypothesis of the matching model. I find considerable support for
these and other predictions of the matching model in the data.

The matching model is related to several established literatures. The first is the literature
on search and matching with heterogeneous agents. A recent survey is Burdett and Coles



(1999). In general, work in this area has focused on economies with heterogeneous workers
and heterogeneous worker-firm matches.! In general, firms employ only a single worker. Thus
there is no need to separately model heterogeneity at the firm and match level. In contrast,
I model an economy in which firms employ many workers, and introduce an exogenous
firm-specific technology that affects the marginal product of all its employees. A similar
approach is taken by Postel-Vinay and Robin (forthcoming), who present a dynamic search
model with heterogeneous workers and firms that employ many workers. Unlike the model
presented here, their workers are equally productive in every firm. Their work is exceptional,
however, in its empirical application of the search model to longitudinal linked data.

A second related literature concerns learning in labor markets. Work in this area has
provided new interpretations of important characteristics of labor market data, such as the
returns to tenure and the increase in the variance of earnings with labor market experience.
The seminal Jovanovic (1979) matching model considered the case where identical workers
and firms learn about the quality of a match. Harris and Holmstrom (1982) and Farber and
Gibbons (1996) present models where workers and firms learn about a worker’s unobservable
ability, which is correlated with observable characteristics. Gibbons et al. (2002) extend
this framework to the case of an economy with heterogeneous sectors (e.g., occupation or
industry), and where workers exhibit comparative advantage in some sectors.

The empirical portion of the paper draws heavily on recent work by Abowd et al. (1999),
Abowd and Kramarz (1999), and Abowd et al. (2002), and the extensive statistical literature
on mixed models. Abowd et al. (1999) and Abowd et al. (2002) develop and estimate linear
wage models with fixed person and firm effects. Abowd and Kramarz (1999) describe but
do not estimate the mixed model specification, where person and firm effects are treated as
random. Excellent references on mixed model theory are Searle et al. (1992) and McCulloch
and Searle (2001).

The remainder of the paper is structured as follows. I present the matching model in
Section 2. Section 3 develops the econometric specification. Section 4 gives a detailed
description of the data. Section 5 presents the results, and Section 6 concludes.

2 A Matching Model with Heterogeneous Workers, Firms,
and Worker-Firm Matches

The economy is populated by a continuum of infinitely-lived workers of measure one. There
is a continuum of firms of measure ¢. All agents are risk neutral and share the common
discount factor 0 < # < 1. Time is discrete.

'Examples include Stern (1990), Sattinger (1995), Shimer and Smith (2000), and Shimer and Smith
(2001). Albrecht and Vroman (2002), Gautier (2000), and Kohns (2000) develop models with exogenous
heterogeneity on one side of the market, and endogenous heterogeneity on the other.



Workers are identified by the continuous index 7. In each period, workers are endowed
with a single indivisible unit of labor that they supply to home production or production in
a firm. They are heterogeneous in their marginal productivity when employed, denoted a;.
I will refer to a; as worker quality. Assume

a; ~ F, iid across workers (1)

where F, is a probability distribution known to all agents, and with support [a,a]. Note
a; is not a choice variable, and there is no human capital accumulation over the life cycle.
Workers are heterogeneous in the value of home production when unemployed, denoted
h; € R.2 Assume a; and h; are exogenous, known to the worker, and observable to the firm
when worker and firm meet. Workers seek to maximize the expected present value of wages.
Workers can be employed at only one firm each period.

Firms are identified by the continuous index j. They employ many workers. Firms operate
in a competitive output market and produce a homogeneous good. The price of output is
normalized to 1. Output can only be produced by a worker matched to a firm. Thus firms
own some unmodeled input that is essential for production. Firms seek to maximize the
expected net revenues of a match: the value of output minus a wage payment to the worker.

Firms are heterogeneous in their technology, denoted b;, which affects the marginal pro-
ductivity of all their employees. Assume b; has support [5, Q] and

b; ~ F} iid across firms (2)

where Fj, is a probability distribution known to all agents. I will refer to b; as firm quality.
Firms are heterogeneous in their cost of maintaining a vacancy, denoted k; € R. Assume
that firms know their own values of b; and k;, and that these parameters are observable by
the worker when worker and firm meet. Both b; and k; are exogenous. Firms incur cost ¢ (;)
to hire /; workers in the current period. Assume c is continuous, increasing, and convex.
Unemployed workers are matched to firms with open vacancies. Search is undirected.
The total number of matches formed in a period is given by m (u,v) where u is the number
of unemployed workers in the economy, and v is the number of open vacancies. Both u and v
are determined endogenously. Assume m is non-decreasing in both u and v. The probability
that a randomly selected unemployed worker will be matched to a firm in the current period
is m = m (u,v) /u. Similarly, the probability that a randomly selected vacancy will be filled
is A = m (u,v) /v. With a large number of workers and firms, all agents take v and v as
given.
Worker-firm matches are heterogeneous in their marginal productivity, denoted c;;. As-
sume
cij ~ N (0,02) iid across matches. (3)

2 Assume for simplicity that h; includes all search costs, the value of leisure, etc.



I call ¢;; match quality and use F. to denote the normal distribution function in (3). The
normality assumption follows Jovanovic (1979) and others. Match quality ¢;; is unobserved.
The worker and firm learn its value slowly. When a worker and firm first meet, they observe
a noisy signal of match quality z;; = ¢;; + 2;; where

zij ~ N (0,02) iid across matches. (4)

Let F, denote the normal distribution function in (4) . The worker and firm form beliefs about
the value of ¢;; on the basis of a prior and the signal z;;. They subsequently update their
beliefs about ¢;; on the basis of output realizations. Prior beliefs and the updating process
are discussed in Section 2.1. Note that information is incomplete, since ¢;; is unobserved, but
is symmetric. That is, the worker and firm both know a; and b; and have common beliefs
about ¢;;.

Output is produced according to the constant returns to scale production function:

Qijr = P+ a; + bj + iy + €ijr (5)

where 7 indexes tenure (the duration of the match), p is the grand mean of productivity
(known to all agents), and e;j, is a match-specific idiosyncratic shock. As a normalization, I
use tenure 7 = 1 to refer to the period in which the match forms, i.e., before any production
has taken place. Assume

eijr ~ N (0,02) iid across matches and tenure. (6)

The linear production technology (5) generalizes that of Jovanovic (1979) to the case of

heterogeneous workers and firms in a discrete time setting. Since a;, b;, and p are known,

agents extract the noisy signal of match quality c;; + e;;; from production outcomes g;;.
Within-period timing is as follows:

1. Unemployed workers are randomly matched to a firm with an open vacancy. Upon
meeting, agents observe a;, b;, and the signal x;;.

2. Workers and firms decide whether or not to continue the match. The continuation
decision is based on all current information about the match: a;, h; b;, k; and current
beliefs about ¢;;. The current period wage w;;- is simultaneously determined by a Nash
bargain.

3a. If agents decide to terminate the match, the worker enters unemployment and receives
h;. The firm incurs vacancy cost k;.

3b. If agents decide to continue the match, output g¢;;- is produced and observed by both
parties. Agents then update their beliefs about ¢;; and the negotiated wage is paid to
the worker.



4. Firms open new vacancies v;.

Assume that reputational considerations preclude agents from reneging on the agreed-
upon wage payment.

2.1 Beliefs About Match Quality

Assume agents’ prior beliefs about a;, b;, ¢;j, 2i;, and e;;, are governed by equations (1), (2),
(3), (4), and (6). Recall a; and b; are learned when the match is formed. Agents update
their beliefs about match quality using Bayes’ rule when they acquire new information, i.e.,
upon observing the signal z;; and production outcomes ¢;j.

After observing the signal z;;, worker and firm posterior beliefs about ¢;; are normally
distributed with mean m,;; and variance s? where

o
mij1 = Ty 02+02 (7)
2 2
9 0.0
= . 8
Sl O_g_’_o_g ( )

In each subsequent period that the match persists, the worker and firm extract the signal
cij + €ijr from observed output ¢;;,. Hence at the beginning of the 7" period of the match
(that is, after observing 7 — 1 production outcomes), worker and firm posterior beliefs about
match quality are normally distributed with mean m;;, and variance s2, where
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Clearly the evolution of s? is deterministic and does not depend on the value of the signals
received. Equation (9) says that the updated posterior mean of beliefs m;;, is a precision-
weighted average of the prior mean m,;,—; and the signal ¢;; + €;;,—1. Since the precision
of signals (1/0?) is constant but the precision of beliefs (1/s?) increases with tenure, it
follows that each new signal is given successively smaller weight in the updating process.
Asymptotically,

lim s2 = 0 (12)



which is a standard result for Bayesian learnings with “correct” priors (see e.g., Blume and
Easley (1998)). These two equations imply that asymptotically, beliefs converge to point
mass at true match quality.

In what follows, it will be of interest to describe the distribution of beliefs in the popula-
tion. It is a standard result that the unconditional distribution of m,;, is normal with mean

zero and variance V., where
1 -1
v;::sza§< + 1 >. (13)

2 2
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With a little algebra, one can show V,.; > V. for all 7 > 0. That is, the variance of the
posterior mean of beliefs about match quality increases with the number of signals received.

Denote the complete set of tenure-7 information about the productivity of a match by
Qijr = (a;, bj, myjr, s2) . It is notationally convenient to describe the evolution of information
about the productivity of a match using a transition distribution F'(£2;;,41/€%j-) . Both a;
and b; are fixed, so the transition distribution describes the probabilistic evolution of m;; -41
given m;j,, and the deterministic evolution of s2,; given s2. It is straightforward to show
that

st
Mijr1|Qir ~ N (mijﬂ m) . (14)
T €
More generally, for any p > 7
s;(p—1)
mijp|QijT ~ N (mij'ra 32 (p — T) i 02) . (15)

Note that (14) and (15) imply the posterior mean of beliefs is a martingale. Conditional on
current information, expectations about future realizations of the random variable m;;, are
equal to its current value.

2.2 Match Formation, Duration, and Wages

In each period, wages are determined by a Nash bargain between the worker and the firm.
Since the Nash bargain is efficient, in each period the match continues only if the expected
joint surplus of the match is nonnegative. In evaluating the expected joint surplus of the
match, worker and firm expectations are taken with respect to tenure-7 information about the
productivity of the match, €;;. It follows that equilibrium wages map tenure-7 information
about the match into payments from firm to worker. To reflect this, I write the tenure-7
equilibrium wage as w;;, = w (£);;;) for each 7 > 0. I assume the function w is known to all
agents.

It is a consequence of the Nash bargain that w is an equilibrium function in the following
sense: it is chosen so that workers and firms agree about the set of acceptable job matches.?

3See Pissarides (1984).



It follows that for a match between worker ¢ and firm j that has lasted 7 periods, there is a
reservation level of beliefs about match quality, 7m;;-, below which the match dissolves and
above which the match continues.

In deriving the equilibrium wage and the expected joint surplus of the match, I use the
following notation: J [w (€2;,)] is the expected value to worker ¢ of employment at firm j
given the wage function w and information €2;;,; U; is the value of worker ¢’s outside option
(unemployment); II[w (€2;5,)] is the expected value to firm j of net revenues from a match
with worker i given w and €;;-; and V; is the value of firm j’s outside option (a vacancy).
At tenure 7, the match continues if and only if

J [w ()] + 1w (Qy7)] = Ui + V. (16)

When (16) is satisfied, the equilibrium wage w;;, = w (€2;;,) solves the Nash bargaining wage
condition

Jw (Qijr)] = Ui = 6 (J [w (Qijr)] + M w (7)) — Ui = Vj) (17)

or equivalently,
(1 =0) (J [w (Qir)] = Us) = 6 (I [w ()] = Vj) (18)

where ¢ is the exogenously given worker’s share of the joint surplus.

In solving for the equilibrium wage and employment condition, I use the following strat-
egy. First, I make two conjectures regarding the structure of equilibrium wages and em-
ployment. Then I characterize the various value functions under the assumption that the
conjectures are true. Finally, I show that equilibrium wages and employment satisfy the
two conjectures. Conjecture 1 greatly simplifies expectations over future values of w (€2;;,) .
Recall that m;;, and s2 are the posterior mean and variance of tenure-7 beliefs about match
quality, respectively.

Conjecture 1 The equilibrium wage offer function w is linear in m;;, and independent of
2
Sz
Conjecture 2 concerns the reservation level of beliefs about match quality, m,;,. We
shall see that as a consequence of the Nash bargain and the linearity property embodied in
Conjecture 1, the match terminates when the posterior mean of beliefs about match quality
falls below m;;..

Conjecture 2 The reservation level of beliefs about match quality, m;;-, is independent of
tenure. That is, m;j; = m;; for all 7 > 0.

I prove that Conjectures 1 and 2 are true in Propositions 6 and 7.
Before deriving the various value functions, I need to introduce some final notation. Let
Gy (x) = Pr(my;, < x|Qy;,) for p > 7. Then G, (my;,) is the subjective probability that



the match will terminate at tenure p, given tenure-7 information about the productivity of
the match. Note G, is just the normal distribution given by (15). I use E, to denote an
expectation taken with respect to tenure-7 information. Tenure-7 expectations of tenure
T+ 1 quantities are taken with respect to the transition distribution of information, denoted
F (Q4jr41/€j-) , defined previously.

2.2.1 The Worker’s Value of Employment and Unemployment

The expected value to worker ¢ of employment with firm j at wage w;j, = w (£2;;;) is today’s
wage payment plus the discounted expected value of employment next period, adjusted for
the possibility that the match terminates. That is,

Jw (Qjz)] = wijr + B[l — Gry1 (Myjra1)] Brd [w (Qijri1)] + BGri1 (Mijrgn) Us
= wijr + B[l — Gri1 (Mijri)] / Jw (Qijri1)] dF (Qijri|Qjr)
+B8G 11 (Mijr11) Ui (19)

When Conjecture 1 is true, Frw;j, = w;;, for all p > 7. When Conjecture 2 is also true,

E-J[w(Qijr1)] = Erwijepr + 81— Groa ()] E-Er 1 J [w (Qijrs2)] + BGri2 (M) Us
= Wijr + B[1 = Grpa (Mig)] Er J [w (Qijri2)] + BGrsa (M) Us. (20)

Forward recursion on (19) and (20) gives

Jw (Qijr)] = wiyr <1+ oIl -6, (ﬁw)])

s=7+1 p=7+1
00 s—1
+U Y 877G (my) [ [ =Gy (mi)). (21)
s=7+1 p=7+1

Equation (21) says that the expected value of employment is a weighted average of the
current wage and the value of unemployment. The weights are discounted employment and
separation hazards at each future tenure 7, given current beliefs about match quality.

Deriving the value of unemployment is rather tedious and not particularly instructive.
Thus I relegate it to Appendix A. When Conjectures 1 and 2 are true, the value of being
unemployed today and behaving optimally thereafter is

_ it pm (O, 87 [w (9) TToy [L — Gs ()] dF)
1= B(L—m) =720, B [ G- (miy) 121 [L — Gy (my)] dF,

where O, = (a;,b;,0, s7) reflects agents’ prior beliefs about match quality, and # = m (u,v) /u
is the probability that an unemployed worker is matched to a firm. There is no closed form

%

(22)

10



expression for U; under the general distribution F;, of firm quality.* The numerator in Equa-
tion (22) is the sum of the value of home production today and the discounted expected value
of employment in subsequent periods when the identity of the employing firm is unknown.
That is, before firm quality and the signal z;; are known. The denominator normalizes to
account for the possibility of re-entering unemployment at each future tenure.

In each period, workers are either unemployed or employed at a single firm. Let u; = 1
if worker 7 is unemployed, and zero otherwise. In each period, the number of unemployed in
the economy is simply u = fol w;di.

2.2.2 The Firm’s Value of Employment and of a Vacancy

I now turn to the firm’s value of employment. The value to firm j of employing worker i at
wage w;;r = w (£);5,) is today’s expected net revenues plus the discounted expected value of
employment next period, adjusted for the possibility that the match terminates. Thus,

Mw (Qjr)] = Ergijr — wigr + B 1 = Gryr (Mijryr)] B w (Qijria)] + BGrin (Mijryn) Vj
= p+a; +bj+ myr —wi;

+B1 = Gry1 (Mijrg1)] / I [w (Qijr1)] dF (Qijr41/825r) (23)

+0G 1 (Mijr41) Vi (24)

Applying Conjectures 1 and 2, forward recursion analogous to (20) and (21) gives

M w (Qjr)] = (14 a; +bj + mij, — wijr) (1 + >y [ -G, (mz‘j)]>

s=7+1 p=7+1
o) s—1
+V; D BTG (my) [ [0 =Gy (). (25)
s=7+1 p=71+1

Equation (25) says that the value of employing worker 7 is a weighted average of the expected
net revenues accruing to the match (expected output minus the current wage) and the value
of a vacancy. Like the worker’s value of employment, the weights are discounted employment
and separation hazards at each future tenure 7, given current beliefs about match quality.
I derive the value of a vacancy in Appendix A. When Conjectures 1 and 2 are true, this
is
v 6)‘ (23—0:1 67——1 f [Iu, + a; + bj —Ww (ngl)] H;—:l [1 — GS (mw)] dFa) — kj (26)
J 0o T _ T—1 _
1=B1 =X = A2, 67 [ Gy (miy) T[T [1 = Gs (miy)] dE,

4There is also no closed form expression for U; when firm quality is normally distribued. A closed form
may exist for other distributions.

11



where A = m (u,v) /v is the probability that a vacancy is filled. Like the worker’s value of
unemployment U;, there is no closed form expression for V; when worker quality is drawn
from the general distribution Fj,. The numerator in (26) is the discounted expected value
of employing a worker next period before the identity of the matching worker ¢ is known
(that is, before worker quality and the signal z;; are known) net of the cost of maintaining
the vacancy. The denominator normalizes the value to reflect the possibility of the match
terminating at each future tenure.

2.2.3 The Firm’s Decision to Open Vacancies

The production technology (5) implies that employees of firm j produce independently of
one another. As a consequence, in each period the firm’s decision to open vacancies is a
static one. The number of hires today has no dynamic consequences for future hiring or
productivity. When firm j opens v; vacancies, we can model the number that are filled, [;,
as a binomial process. It follows that the number of vacancies opened by firm j in a given
period solves®

max y (QZJJ) N3 (1= N5 [T (by) — e ()] — kv, 21)

U]'EN
;=0 N

where Iy (b;) is the expected present value of net revenues from a match for a firm of quality
b;, before the identity of the matching worker ¢ is known. I derive Il (b;) in Appendix A.

Note that firm size (employment) is indeterminate. However, increasing and convex
hiring costs ¢ guarantee the solution to (27) is well defined and the number of vacancies
opened in any period by firm j is finite. At any point in time, the total number of vacancies
in the economy is just v = f0¢ v;dj.

2.2.4 The Equilibrium Wage
With expressions for the value functions in hand, I can now prove the two Conjectures and
derive the equilibrium wage and employment conditions. Define the following terms:

S

Ay = 14+ 3 07 [[ -Gy (my)) (28)

s=71+1 p=T1+1
00 s—1
By, = 1= > B 7G.(my) [ 1 —G,(my)]. (29)
s=17+1 p=7+1

Substituting the definitions of A;;; and B;;, into (21), we see the worker’s net surplus from

the match is:
J [w (QZ]T)] - UZ = wijTAijT - UiBijT~ (30)

5This approach to modeling vacancies follows Nagypal (2000).

12



Similarly, the firm’s net surplus from the match is:
I w (Qijr)] =V = (p+ ai + b + mijr — wijr) Aijr — ViBijr. (31)

The following lemmata establish properties of A;;; and B;j,, and are required to prove
Conjectures 1 and 2. The proofs of Lemma 3 and Lemma 4 are in Appendix B.

Lemma 3 Define A;j; as in (28). Then A;;- is bounded from below by 1 and from above by
(15"

Lemma 4 Define A;j; and B;j; as in (28) and (29). Then
Bijr = (1 = B) Aijr
for all i,7, and 7 > 0.

Lemma 5 Define B;;r as in (29). Then B;j, is bounded from below by (1 — ) and from
above by 1.

Proof. Follows immediately from Lemma 3 and Lemma 4. m
We can now prove Conjectures 1 and 2, which are restated as Propositions 6 and 7.

Proposition 6 The equilibrium wage offer function w is linear in m;j, and independent of
2
Sz
Proof. Substituting (30) and (31) into the Nash bargaining wage condition (18) gives
the equilibrium wage:

Bi T
Wigr = 0 (1 + @5 + by + mujr) + (1= ) Ui — V5) == (32)
iJT
which is well defined by Lemma 3 and Lemma 5. Applying Lemma 4 gives
Wijr :5(,u+az—i—bj+mlﬂ)+((1—5) UZ—(ﬂ/J) (1—&) (33)

forall¢,j and 7 > 0. m

As conjectured, (33) verifies that the equilibrium wage is linear in the posterior mean
of beliefs about match quality and independent of the posterior variance of beliefs. It is
worthwhile relating this result to the Jovanovic (1979) equilibrium wage. In his model,
workers and firms are ez-ante identical but matches are heterogeneous, and production
occurs according to the continuous time analog of (5) with a; = b; = 0 for all 4,j. The
Jovanovic (1979) equilibrium wage is equal to expected marginal product, which in his case
is also the posterior mean of beliefs about match quality. His result relies on the assumption
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that firms earn zero expected profit. Similar to Jovanovic’s model, the equilibrium wage (33)
is linear in expected marginal product, p+a; 4 b; +m;;,, and in the posterior mean of beliefs
about match quality, m,;,;. A stronger result is that when workers capture all the quasi-rents
associated with the match, that is as 0 — 1, so that firms earn zero expected profit; and
when vacancies are costless (as in Jovanovic (1979)); then the equilibrium wage converges to
Wi, = pi+a; + b+ m;;-.® That is, the equilibrium wage converges to the expected marginal
product of the match. In this sense, the Jovanovic (1979) equilibrium wage is a special case
of (33).

Note we can rewrite the Nash bargained wage in (33) as

wijT = 5,u + [(5012 + (1 — 5) (1 — (5) UZ] + [51)3 — (1 — 6) (ﬂ/j] + (5mij7

where
0; = 0lai—(1-B)UJ+(1-P)U; (35)
v; = 0b;—(1=p)Vj]. (36)

The expression (34) shows that equilibrium wages are linear in a worker-specific component
0;, a firm-specific component 1, and the posterior mean of beliefs about match quality. I
make use of this fact in developing the empirical strategy that follows. In light of this, I refer
to ¢; and 1, as empirical person and firm effects. Equation (36) illustrates that the firm
effect is simply the worker’s share § of the firm’s contribution to the joint surplus accruing
to the match. Similarly, equation (35) demonstrates that the person effect is the worker’s
share of his contribution to the joint surplus, plus compensation (1 — 3) U; for forgoing his
next-best alternative.

The following Proposition establishes that the reservation level of beliefs about match
quality depends only on worker and firm characteristics, and is independent of tenure.

Proposition 7 The reservation level of beliefs about match quality, m;j,, is independent of
tenure. That is, m;j; = m;; for all 7 > 0.

Proof. The reservation level of beliefs about match quality at tenure 7, m;;,, is the level
at which parties to the match are indifferent between continuing the match and allowing it
to dissolve. That is, the value at which the joint surplus from the match is zero. Thus m;;,
is defined by

T w (Que)] + 10 [w ()] = Ui +V; (37)
where Q;;; = (a;, bj, Mijr, s2) . Substituting (30) and (31) into (37) yields

(1 + ai + bj + myjr) Aijr = (Ui + V) Bijr

6This follows from the observation that as § — 1 and with k; = 0, the equilibrium value of a vacancy V;
must also be zero.
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and applying Lemma 4,

mir = Ui+ V;) (1 =) —p—a; — b (38)

mij

forall7>0. m

A final Proposition establishes the relationship between the various components of the
equilibrium wage: the empirical person and firm effects 6; and 1;, and the posterior mean of
beliefs about match quality m;;,. I make considerable use of Proposition 8 in the empirical
specification that follows.

Proposition 8 At each tenure T > 0, E (m;;.0;) = E (mijTi/Jj) =0 for all i, .

Proof. Follows immediately from the definition of m;;, in (7) and (9), the definitions of
0; and 1; in (35) and (36), and the distributional assumptions on a;, bj, c;j, zij, and e;j; in
(1), (2), (3), (4), and (6). m

The intuition behind Proposition 8 is simple. The empirical person effect 6; is a nonlinear
function of the worker’s marginal product a; and value of home production h;. The empirical
firm effect is a nonlinear function of the firm’s marginal product b; and cost of maintaining
a vacancy k;. At each tenure, the posterior mean of beliefs about match quality m,;, is a
function only of priors and the signals of match quality observed up to that point. Priors
are common to all agents, and the signals of match quality are independent of a;, h;, b; and
kj, and thus independent of 6; and ;.

Proposition 8 is particularly convenient for developing an empirical specification based
on the equilibrium wage function (34). It says that in an empirical earnings model with
fixed or random person and firm effects, we can treat the posterior mean of beliefs as a
normally distributed statistical residual with a non-zero covariance within a worker-firm
match. Normality follows from the Bayesian updating process (see Section 2.1). The specific
form of the within-match residual covariance follows also from the Bayesian learning process,
and is discussed at length in Section 3.3.

2.3 Discussion

In developing the matching model, I have alluded several times to the empirical specification
that is developed in the next Section. Before turning to empirics, however, it is useful to
discuss various predictions that stem from the matching model with regards to equilibrium
wages, mobility, turnover, and firm size.

First and foremost, the model predicts that wages are linear in person- and firm-specific
components. In keeping with the empirical literature, I have called these empirical person
and firm effects, and denoted them 6; and ¢;. They are functions of the random variables
a;, hi, bj, and k;, and thus are random variables themselves.
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Equilibrium wages are also linear in the posterior mean beliefs about match quality
my;r. This has a number of implications for the equilibrium distribution of wages and their
evolution within a worker-firm match. First, since m;j,; is a normally distributed random
variable, conditional on the person and firm effects, equilibrium wages are as well. Second,
since the person and firm effects do not vary within a worker-firm match, all within-match
wage variation is due to the evolution of beliefs about match quality. Since beliefs evolve
according to Bayes’ rule, m;;, is a martingale (see Section 2.1). Thus the model predicts
that within a worker-firm match, wages are also a martingale. The martingale property is
common to most learning models, see e.g. Farber and Gibbons (1996) and Gibbons et al.
(2002).” Econometric implications of the martingale hypothesis are discussed in Section
3.3. However, the martingale structure also has a number of economic consequences. First,
recalling the definition of m;;, in equation (9), shocks to beliefs about match quality (z;;
and e;;,) are permanent. Within a worker-firm match, these are the only shocks to wages.®
Thus wage shocks are permanent. Second, on average, wage shocks diminish with tenure.
To see this, recall that m;;, is a precision-weighted average of m;;-_; and the signal ¢;; + €.
The precision of the shocks is constant, but the precision of beliefs increases with tenure.
Thus as agents learn about match quality, each successive shock receives smaller weight in
the updating process.® Third, within a worker-firm match the variance of earnings increases
with tenure. This arises because the variance of m;;, increases with the number of observed
signals. This may seem at odds with the notion that beliefs about match quality become
increasingly precise with tenure. However, it is important to distinguish between the variance
of beliefs, s> which declines with tenure, and the variance of the posterior mean of beliefs
V., defined in equation (13), which increases with tenure.!® That the variance of earnings
increases with tenure is broadly consistent with the empirical finding that the variance of
earnings increases with labor market experience (see e.g., Mincer (1974)).

Under the matching model, employment relationships terminate when the posterior mean
of beliefs about match quality fall below the match-specific threshold m;;, defined in (38).
Comparative statics on (38) characterize the relationship between employment duration and
the worker and firm marginal products a; and b;. Unfortunately the worker and firm outside
options U; and Vj are themselves complex functions of a; and b;, which complicates signing

"In these two papers, firms and matches are homogeneous. Workers vary in their ability, which is unknown
to either worker or firm. All agents in the economy observe signals of the worker’s ability, and update their
beliefs using Bayes’ rule. Thus, individual earnings are a martingale, both within and between worker-firm
matches. Farber and Gibbons (1996) test this hypothesis using data from the NLSY, with mixed results.

8Extending the model to include aggregate and/or firm-specific shocks to productivity is left for future
research.

9 Asymptotically, shocks receive zero weight in the update.

WIntuitively, the variance of beliefs s2 declines with tenure because agents learn: as they acquire more
information about true match quality, their beliefs become increasingly precise. However, since the posterior
mean of beliefs m;;, is a function of all the signals received, its variance increases with tenure. Each signal is
a random variable (with common variance). Thus each successive signal contributes to the variance of m;;..
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the derivatives. Nevertheless, (38) makes clear that the effects of a; and b; on expected
duration are symmetric.

Comparative statics on (38) with respect to the empirical person and firm effects §; and
1, are pertinent to empirical work. It is easy to show that

amij . 1

o0, = =5 <0 (39)
om;; B 1
5, ., = 5 < 0. (40)

Note that lo